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Abstract
We find the three-loop contribution to the β-function of N = 1 supersymmetric gauge
theories regularized by higher covariant derivatives produced by the supergraphs containing
loops of the Faddeev–Popov ghosts. This is done using a recently proposed algorithm, which
essentially simplifies such multiloop calculations. The result is presented in the form of an
integral of double total derivatives in the momentum space. The considered contribution to
the β-function is compared with the two-loop anomalous dimension of the Faddeev–Popov
ghosts. This allows verifying the validity of the NSVZ equation written as a relation between
the β-function and the anomalous dimensions of the quantum superfields. It is demonstrated
that in the considered approximation the NSVZ equation is satisfied for the renormalization
group functions defined in terms of the bare couplings. The necessity of the nonlinear
renormalization for the quantum gauge superfield is also confirmed.
1 Introduction
N = 1 supersymmetric models have better ultraviolet behaviour in comparison with the
non-supersymmetric theories. Namely, the superpotential has no divergent quantum corrections
[1], the three-point vertices with two ghost legs and one leg of the quantum gauge superfield are
finite [2], and the β-function is related to the anomalous dimension of the matter superfields
(γφ)i
j by the NSVZ equation [3, 4, 5, 6]
β(α, λ)
α2
= −
3C2 − T (R) + C(R)i
j(γφ)j
i(α, λ)/r
2pi(1 −C2α/2pi)
(1)
(see also [7, 8, 9]). In our notation r and fABC are the dimension and the structure constants
of a simple gauge group G, respectively, and fACDfBCD ≡ C2δ
AB . The generators of the
fundamental representation tA are normalized by the condition tr(tAtB) = δAB/2, while the
generators of the representation R to which the matter superfields belong satisfy the equations
tr(TATB) = T (R)δAB ; (TA)i
k(TA)k
j ≡ C(R)i
j . (2)
The NSVZ β-function can be used for proving the finiteness of N = 2 supersymmetric
gauge theories beyond the one-loop approximation [7, 10] in the case of a manifestly N = 2
1
supersymmetric quantization [11, 12, 13, 14], which in particular should include the invariant
regularization [15]. (Earlier, the N = 2 non-renormalization theorem has been obtained by
different methods, see Refs. [16, 17, 18].) Consequently, the NSVZ relation also leads to the
finiteness of N = 4 supersymmetric Yang–Mills (SYM) theory proved in [16, 17, 19, 20] after
the explicit three-loop calculation of Ref. [21].
Using the non-renormalization theorem for the triple gauge-ghost vertices one can rewrite the
NSVZ equation in the form of the relation between the β-function and the anomalous dimensions
of the quantum gauge superfield, of the Faddeev–Popov ghosts, and of the matter superfields
denoted by γV , γc, and (γφ)i
j , respectively,
β(α, λ)
α2
= −
1
2pi
(
3C2 − T (R)− 2C2γc(α, λ) − 2C2γV (α, λ) + C(R)i
j(γφ)j
i(α, λ)/r
)
. (3)
The NSVZ relations (1) and (3) are valid only for certain (NSVZ) renormalization prescrip-
tions. Using the general equations describing how Eq. (1) changes under finite renormalizations,
it is possible to demonstrate that the NSVZ schemes form a continuous set [22]. The DR scheme
does not enter this set [23, 24, 25, 26]. However, with the higher covariant derivative regulariza-
tion [27, 28, 29] (see [30, 31] for its variousN = 1 supersymmetric versions) minimal subtractions
of logarithms produce the NSVZ scheme in all orders at least in the Abelian case [32, 33, 34].
We call this renormalization prescription HD+MSL. The HD+MSL scheme seems to be NSVZ
also in the non-Abelian case [2]. This implies that the higher covariant derivative regularization
is much more convenient for making calculations in supersymmetric theories in comparison with
the dimensional reduction [35].
An interesting feature of using the higher covariant derivative method for regularizing N = 1
supersymmetric gauge theories is that all integrals giving the β-function appear to be integrals
of double total derivatives in the momentum representation. Due to this structure of the loop
integrals all higher order (L ≥ 2) contributions to the β-function originate from δ-singularities.
The factorization in total and double total derivatives with respect to the loop momenta was
first noted in calculating the lowest quantum corrections in N = 1 SQED in Refs. [36] and [37],
respectively. The rigorous proof of this fact for N = 1 SQED has been done in [38, 39]. It
also turns out that due to the factorization of the loop integrals into integrals of double total
derivatives the NSVZ relation in N = 1 SQED is valid in the on-shell scheme in all loops [40].
The method developed in Ref. [38] has also been applied for constructing the all-loop proof of
the NSVZ-like equation [41, 42, 43] and deriving the NSVZ-like scheme for the renormalization
of the photino mass in SQED with softly broken supersymmetry [44, 45]. Also it works for the
Adler D-function in N = 1 SQCD [46, 47, 48].1 However, the derivation of the NSVZ relation in
the non-Abelian case turns out to be more complicated. Nevertheless, the calculations made with
the higher covariant derivative regularization in the lowest orders (see, e.g., [50, 51, 52, 53, 54])
reveal the same features as in the Abelian case. In particular, they demonstrate that all integrals
for the β-function defined in terms of the bare couplings are integrals of double total derivatives.
This allows to outline the following main steps for the perturbative all-loop derivation of the
NSVZ equation:
1. Rewriting Eq. (1) in the form (3);
2. Proving the factorization of integrals giving the β-function into integrals of double total
derivatives and reducing them to integrals of δ-singularities;
3. Calculating the sum of the singular contributions.
Certainly, use of the higher covariant derivative regularization is very important and is always
assumed. The first and second steps have been done in Refs. [2] and [55], respectively. However,
the singular contributions have not yet been summed. Presumably, the result should coincide
1Again, in the DR-scheme the NSVZ-like equations are not valid, see Refs. [25] and [49].
2
with the terms containing the anomalous dimensions in Eq. (3). If it is so, then the NSVZ
equation is satisfied by the renormalization group functions (RGFs) defined in terms of the
bare couplings independently of the renormalization prescription which supplements the higher
covariant derivative regularization. Consequently, for RGFs (standardly) defined in terms of the
renormalized couplings the HD+MSL scheme appears to be NSVZ in all orders [2].
Although the sum of singularities has not yet been found, some calculations in the lowest
orders indicate that it really gives the anomalous dimensions in the right hand side of Eq. (3).
It was verified to the order O(α) inclusive in Ref. [56], but in this approximation all terms of
the NSVZ equation are scheme-independent.2 In the next order O(α2) this has been done in
Refs. [53, 54] for terms containing the Yukawa couplings. In the right hand side of Eq. (3)
such terms are present inside the anomalous dimensions (γφ)i
j and γV . However, at present no
nontrivial verifications of the term containing γc have been done. This is the purpose of the
present paper. Namely, we obtain expressions for all three-loop contributions to the β-function
coming from supergraphs containing the Faddeev–Popov ghost loops. Then, we extract terms
which correspond to the cuts of internal ghost lines and compare them with the two-loop ghost
anomalous dimension calculated in Ref. [58].
To calculate the three-loop contributions to the β-function coming from the considered class
of supergraphs, we will use the algorithm proposed in Ref. [55]. It essentially simplifies the cal-
culations and produces the result in the form of integrals of double total derivatives. Therefore,
if we manage to obtain the γc term in Eq. (3), this algorithm will also be tested by a highly
nontrivial calculation.
The paper is organized as follows. In Sect. 2 we briefly recall the main information about the
application of the higher covariant derivative method for regularizing N = 1 supersymmetric
gauge theories. The algorithm for constructing integrals of double total derivatives proposed in
Ref. [55] is described in Sect. 3. The three-loop contribution to the β-function defined in terms
of the bare couplings is calculated and compared with the two-loop ghost anomalous dimension
in Sect. 4.
2 The higher covariant derivative regularization for N = 1 SYM
theories with matter
In this paper we consider the N = 1 SYM theory interacting with chiral matter superfields in
a certain representation R of the gauge group G. It is convenient to formulate and quantize this
theory in terms of N = 1 superfields, because in this case the calculation of quantum corrections
is made in a manifestly N = 1 supersymmetric way. In this formulation the classical action in
the massless case is written as
Sclassical =
1
2e20
Re tr
∫
d4x d2θW aWa +
1
4
∫
d4x d4θ φ∗i(e2V )i
jφj
+
(1
6
λijk0
∫
d4x d2θ φiφjφk + c.c.
)
, (4)
where the gauge superfield is denoted by V and φi are chiral matter superfields. In this paper
we adopt the notations, in which V = e0V
AtA inside the gauge superfield strength Wa ≡
D¯2(e−2VDae
2V )/8 and V = e0V
ATA in the matter part of the action.
2The calculation of Ref. [56] has been done with a simplified version of the higher covariant derivative reg-
ularization which breaks the BRST invariance and, for this reason, supplemented by a special renormalization
procedure [57] restoring the Slavnov–Taylor identities.
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However, at the quantum level the gauge superfield is renormalized in a nonlinear way
[59, 60, 61]. In the lowest-order approximation this nonlinear renormalization was found in Refs.
[62, 63]. Another calculation made in Ref. [58] explicitly demonstrates that the renormalization
group equations are satisfied only if this nonlinear renormalization is taken into account. That
is why constructing the generating functional one should replace the gauge superfield V by a
nonlinear function
F(V ) = e0
(
V A + e20y0G
ABCD V B V C V D + . . .
)
tA, (5)
which includes an infinite set of parameters Y0 = (y0, . . .) needed for performing the nonlinear
renormalization. Here the coefficient GABCD is a totally symmetric tensor defined as
GABCD ≡
1
6
(
fAKLfBLMfCMNfDNK + permutations of B, C, and D
)
. (6)
Also we will use the background field method [64, 65, 66] formulated in terms of N = 1
superfields [16, 67]. Taking into account the necessity of introducing the function F(V ), the
quantum-background splitting is made with the help of the replacement
e2F(V ) → e2F(V )e2V , (7)
where V is the Hermitian background gauge superfield, and the quantum gauge superfield V is
restricted by the constraint V + = e−2V V e2V .
To regularize the theory under consideration, we add to the action certain terms containing
the higher degrees of the supersymmetric covariant derivatives
∇a = Da; ∇¯a˙ = e
2F(V )e2V D¯a˙e
−2V e−2F(V ). (8)
Then the regularized action can be presented in the form
Sreg =
1
2e20
Re tr
∫
d4x d2θW a
(
e−2V e−2F(V )
)
Adj
R
(
−
∇¯2∇2
16Λ2
)
Adj
(
e2F(V )e2V
)
Adj
Wa
+
1
4
∫
d4x d4θ φ∗i
(
F
(
−
∇¯2∇2
16Λ2
)
e2F(V )e2V
)
i
jφj +
1
6
(
λijk0
∫
d4x d2θ φiφjφk + c.c.
)
, (9)
where the gauge superfield strength is defined as
Wa ≡
1
8
D¯2
(
e−2V e−2F(V )Da
(
e2F(V )e2V
))
, (10)
and we use the notation(
f0 + f1X + f2X
2 + . . .
)
Adj
Y = f0Y + f1[X,Y ] + f2[X, [X,Y ]] + . . . (11)
The functions R(x) and F (x), such that R(0) = F (0) = 1, should rapidly increase at infinity.
(This allows to provide the finiteness of the regularized superdiagrams beyond the one-loop
approximation.)
Following Refs. [58], we will use the gauge fixing action
Sgf = −
1
16ξ0e
2
0
tr
∫
d8x∇2V R
(
−
∇¯
2
∇
2
16Λ2
)
Adj
∇¯
2V, (12)
where the supersymmetric background covariant derivatives are defined as
∇a = Da; ∇¯a˙ = e
2V D¯a˙e
−2V . (13)
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Note that the expression (12) is invariant under the background gauge transformations and
contains the same regulator function R as in Eq. (9).
The Faddeev–Popov action corresponding to the gauge fixing term (12) is written as
SFP =
1
2
∫
d4x d4θ
∂F−1(V˜ )A
∂V˜ B
∣∣∣∣
V˜=F(V )
(
(e2V )Adj c¯+ c¯
+
)A
×
{( F(V )
1− e2F(V )
)
Adj
c+ +
( F(V )
1− e−2F(V )
)
Adj
(
(e2V )Adjc
)}B
, (14)
where c = e0c
AtA and c¯ = e0c¯
AtA are the chiral ghost and antighost superfields, respectively.
The Nielsen–Kallosh ghosts should also be introduced. However, they are essential only in
the one-loop approximation, which was considered in Ref. [68] in detail. That is why here we
will not discuss them.
It should be mentioned that to regularize the one-loop divergences, one needs to insert the
Pauli–Villars determinants into the generating functional [29, 69]. Here, following Ref. [70],
we use three commuting chiral superfields ϕ1, ϕ2, and ϕ3 in the adjoint representation and the
chiral superfields Φi in a representation RPV for which it is possible to write the invariant mass
term, such that M ijM∗jk = M
2δik. The former superfields cancel one-loop divergences coming
from the gauge and ghost loops, while the latter ones cancel one-loop divergences introduced by
the matter loop. The actions for the Pauli–Villars superfields and the explicit expression for the
generating functional can be found in [55]. It is important that the masses of the Pauli–Villars
superfields should be proportional to the parameter Λ in the higher derivative term,
Mϕ = aϕΛ; M = aΛ, (15)
where aϕ and a are the coefficients independent of couplings.
We will define the renormalization constants by the equations
1
α0
=
Zα
α
;
1
ξ0
=
Zξ
ξ
; φi = (
√
Zφ)i
j(φR)j;
V = ZV Z
−1/2
α VR; c¯c = ZcZ
−1
α c¯RcR; y0 = Zyy, (16)
where α0 = e
2
0/4pi and α = e
2/4pi. The bare couplings are denoted by the subscript 0, while the
subscript R denotes renormalized superfields. Note that in the considered approximation the
nonlinear renormalization of the quantum gauge superfield corresponds to the renormalization
of the parameter y0 which was introduced in Eq. (5). According to Refs. [62, 63] and [58], in
the lowest-order approximation it can be written as
y0 = y +
α
90pi
(
(2 + 3ξ) ln
Λ
µ
+ k1
)
+ . . . , (17)
where dots denote the higher order terms and k1 is a finite constant.
In terms of the bare couplings RGFs are defined by the equations
β(α0, λ0, Y0) ≡
dα0
d ln Λ
∣∣∣∣
α,λ,Y=const
; γV (α0, λ0, Y0) ≡ −
d lnZV
d ln Λ
∣∣∣∣
α,λ,Y=const
;
γc(α0, λ0, Y0) ≡ −
d lnZc
d ln Λ
∣∣∣∣
α,λ,Y=const
; (γφ)i
j(α0, λ0, Y0) ≡ −
d(lnZφ)i
j
d ln Λ
∣∣∣∣
α,λ,Y=const
. (18)
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3 A method for calculating multiloop contributions to the β-
function
According to Ref. [55], it is possible to construct integrals of double total derivatives con-
tributing to the β-function (defined in terms of the bare couplings in the case of using the
higher covariant derivative regularization) with the help of a special algorithm, which essentially
simplifies the calculations. This occurs, because this algorithm reduces the calculation of super-
diagrams with two external lines of the background gauge superfield to the evaluation of certain
superdiagrams without external lines. If we consider an L-loop supergraph without external
lines, then the corresponding superdiagrams contributing to the two-point Green function of the
background gauge superfield
Γ
(2)
V
= −
1
8pi
tr
∫
d4p
(2pi)4
d4θV (−p, θ)∂2Π1/2V (p, θ) d
−1(α0, λ0, Y0,Λ/p) (19)
are obtained by attaching to it two external V -lines in all possible ways. The function d−1 is
related to the β-function defined in terms of the bare couplings by the equation
β(α0, λ0, Y0)
α20
= −
d
d ln Λ
( 1
α0
)∣∣∣∣
α,λ,Y=const
=
d
d ln Λ
(d−1 − α−10 )
∣∣∣∣
α,λ,Y=const; p=0
, (20)
where p is the external momentum, and the derivatives with respect to lnΛ should be calculated
at fixed values of renormalized couplings. Thus, a supergraph without external lines can be
matched to a certain contribution to the function β/α20. Various calculations made with the
higher covariant derivative regularization demonstrate that such contributions are given by in-
tegrals of double total derivatives. According to Ref. [55], a contribution to β/α20 corresponding
to a certain supergraph can be found with the help of a special algorithm, which is described
below.
Let us consider an L-loop supergraph without external legs. Then, to obtain the correspond-
ing contribution to β/α20, it is necessary to do the following:
1. Formally construct the corresponding contribution to the effective action using the super-
space Feynman rules.
2. Formally insert the factor θ4(vB)2 at an arbitrary point of the supergraph containing the
integration over the full superspace,3 where the slowly decreasing functions vB should tend to 0
at a sufficiently large scale R→∞. For example, it is possible to choose
vB = vB0 exp
(
− (Xµ)2/2R2
)
, (21)
where the Euclidean coordinates are denoted by Xµ = (xi, ix0) and vB0 = const.
3. Calculate the resulting expression using the standardD-algebra and omit terms suppressed
by powers of 1/(ΛR). Note that the limit R → ∞ corresponds to the limit p → 0 in Eq. (20),
and the result is always proportional to
V4 ≡
∫
d4x (vB)2 →∞. (22)
(The functions vB are introduced in order to make V4 finite and to avoid dealing with expressions
which are not well-defined.)
4. Mark L propagators with independent (Euclidean) momenta Qµi and the indices ai cor-
responding to their beginnings.
3If such points are absent, then it is necessary to convert one of the integrations over d4x d2θ into the integration
over the full superspace.
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5. In the integrand of the loop integral formally replace the product
L∏
i=1
δbiai (23)
coming from the marked propagators by the differential operator
L∑
k,l=1
∏
i 6=k,l
δbiai (T
A)ak
bk(TA)al
bl
∂2
∂Qµk∂Q
µ
l
. (24)
6. Multiply the result by the factor −2pi/(rV4) · d/d ln Λ.
According to Ref. [55], the final expression gives a part of the expression
1
α20
(
β(α0, λ0, Y0)− β1-loop(α0)
)
(25)
corresponding to the considered supergraph.
4 Three-loop contribution to the β-function produced by ghost
loops
Now, let us apply the method described in the previous section for calculating the three-loop
contributions to the β-function coming from the supergraphs containing loops of the Faddeev–
Popov ghosts. They are presented in Fig. 1. The gray circle in the graphs B9 and B10 denote
the insertion of the one-loop polarization operator. The corresponding superdiagrams (depicted
in Fig. 2) have been calculated in Ref. [70]. However, it is important that for the superdiagrams
containing two ghost loops the effective supergraphs B9 and B10 produce an extra factor of 2.
That is why such superdiagrams should be multiplied by the factor 1/2. The loops of the Pauli–
Villars superfields in Fig. 2 are denoted by the same solid line as the loops of the usual matter
superfield φi. Constructing the graphs in Fig. 1 we took into account that in the considered
approximation the vertices with two ghost legs and three legs of the quantum gauge superfield
are absent because
V
1− e±2V
= ∓
1
2
+
1
2
V ∓
1
6
V 2 ±
1
90
V 4 +O(V 6). (26)
In higher loops they can possibly be essential due to the nonlinear renormalization of the quan-
tum gauge superfield. However, in this paper calculating the β-function we take into account
the parameters of the nonlinear renormalization only in the two-loop approximation. Namely,
the vertex in the superdiagram B2 contains the term
−
3
4
e20 y0G
ABCD
∫
d4x d4θ (c¯A + c¯∗A)V CV D(cB − c∗B), (27)
which is very important for calculating RGFs, see Ref. [58] for details.
As usual, to construct the superdiagrams contributing to the two-point function of the su-
perfield V , one should attach two external lines to the supergraphs presented in Fig. 1 in all
possible ways. According to Ref. [2], their contributions to the β-function (defined in terms
of the bare couplings) are possibly related to superdiagrams obtained by cutting internal lines
in the original supergraphs by equations analogous to Eq. (3). In the considered case we will
obtain one- and two-loop superdiagrams with two external ghost lines presented in Fig. 3 and
7
B1 B2 B3 B4
B5 B6 B7 B8 B9
B10 B11 B12 B13
Figure 1: Supergraphs containing ghost loops which are essential for calculating the three-loop
β-function. Note that the supergraphs containing two ghost loops should be multiplied by the
factor 1/2.
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
V1 V2 V3
V4 V5 V6
Figure 2: Superdiagrams contributing to the one-loop polarization operator of the quantum
gauge superfield.
the superdiagrams containing a ghost loop contributing to the anomalous dimensions of the
matter superfields (see Fig. 4) and of the quantum gauge superfield.
The superdiagrams contributing to the anomalous dimension of the quantum gauge superfield
will not be considered in this paper because of the following reason: Due to the Slavnov–Taylor
identities the two-point Green function of the quantum gauge superfield is transversal,
Γ
(2)
V − S
(2)
gf = −
1
2e20
tr
∫
d4p
(2pi)4
d4θ V (−p, θ) ∂2Π1/2V (p, θ)GV (α0, λ0, Y0,Λ/p). (28)
However, contributions of various separate superdiagrams are not transversal,
∆Γ
(2)
V = −
1
2e20
tr
∫
d4p
(2pi)4
d4θ
(
V (−p, θ) ∂2Π1/2V (p, θ)∆GV (α0, λ0, Y0,Λ/p)
+V (−p, θ)V (p, θ)∆G˜V (α0, λ0, Y0,Λ/p)
)
. (29)
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A1 A2 A3 A4
A5 A6 A7 A8
A9 A10 A11 A12
A13 A14 A15
Figure 3: One- and two-loop superdiagrams contributing to the two-point Green function of the
Faddeev–Popov ghosts.
M1 M2 M3 M4
Figure 4: Two-loop superdiagrams with a ghost loop contributing to the anomalous dimension
of the matter superfields.
To obtain the transversal result, one should find the sum of all graphs. Then all longitudinal
contributions ∆G˜V cancel each other, while the sum of the transversal parts will be related to the
anomalous dimension γV . However, cutting internal gauge lines in a certain vacuum supergraph
we obtain structures related to both ∆GV and ∆G˜V in the resulting two-point superdiagrams.
If we would like to compare the result with γV , then it would be necessary either to extract a
part corresponding to ∆GV or to deal with the sum of superdiagrams in which all longitudinal
terms cancel each other. In this paper we consider only supergraphs containing ghost loops,
but do not consider purely gauge supergraphs. However, the part of Γ
(2)
V corresponding to the
sum of all superdiagrams with ghost loops is not transversal. The transversal result is obtained
only after adding the purely gauge contribution. That is why the part of the β-function coming
from the supergraphs presented in Fig. 1 cannot be directly compared with the corresponding
contributions to γV produced by cutting internal gauge lines.
However, one can compare various parts of the β-function with the corresponding parts of
γc and (γφ)j
i. For this purpose we construct the expression for the contribution to the function
β/α20 in the form of an integral of double total derivatives according to the algorithm described
in Sect. 3. The internal lines are cut due to the identity
9
∂2
∂Q2µ
( 1
Q2
)
= −4pi2δ4(Q). (30)
The cuts of the internal ghost and matter lines produce the terms containing γc and (γφ)j
i, re-
spectively, while the cuts of the gauge superfield propagators (corresponding to γV ) are not taken
into consideration in the present paper. Using this procedure we can match the supergraphs
presented in Fig. 1 and the ones in Figs. 3 and 4,
B1 → A1 + . . . ; B8 → A3 + . . . ;
B2 → A2 + . . . ; B9 → A14 +M1 +M3 + . . . ;
B3 → A7 + A8 + A9 + . . . ; B10 → A15 +M2 +M4 + . . . ;
B4 → (A1)× (A1) + A6 + . . . ; B11 → (A1)× (A2) + A11 + . . . ;
B5 → A10 + . . . ; B12 → (A2)× (A2) + . . . ;
B6 → A12 + . . . ; B13 → A13 + . . . ;
B7 → A4 + A5 + . . . (31)
Here dots denote the superdiagrams contributing to the anomalous dimension γV , which are not
considered in this paper. The crosses in the equations corresponding to the diagrams B4, B11,
and B12 mean that some cuts of internal lines produce diagrams which are not 1PI. In this case
one should do more cuts, which give a certain number k ≥ 2 of 1PI graphs. They correspond to
the terms with k ≥ 2 in the expansion
lnG = ln(1 + ∆G) =
∞∑
k=1
(−1)k+1
k
(∆G)k, (32)
where G is either Gc or (Gφ)j
i (in general, GV is also possible) defined by the equations
Γ(2)c =
1
4
∫
d4q
(2pi)4
d4θ
(
c∗A(−q, θ)c¯A(q, θ) + c¯∗A(−q, θ)cA(q, θ)
)
Gc(α0, λ0, Y0,Λ/q);
Γ
(2)
φ =
1
4
∫
d4q
(2pi)4
d4θ φ∗j(−q, θ)φi(q, θ)(Gφ)j
i(α0, λ0, Y0,Λ/q). (33)
The results for all supergraphs depicted in Fig. 1 obtained by the method described in Sect. 3
are collected in Appendix A. Namely, we present their contributions to the function β/α20 written
in the form of integrals of double total derivatives, and the corresponding parts of γc. The main
result of the calculation can be written in the form of the equations analogous to (31),4
∆B1
( β
α20
)
=
C2
pi
d
d ln Λ
(
∆A1Gc + . . .
)∣∣∣
Q=0
; (34)
∆B2
( β
α20
)
=
C2
pi
d
d ln Λ
(
∆A2Gc + . . .
)∣∣∣
Q=0
; (35)
4For the supergraphs B9 and B10 we calculate only the sum, see the explanation in Appendix A.
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∆B3
( β
α20
)
=
C2
pi
d
d ln Λ
(
∆A7Gc +∆A8Gc +∆A9Gc + . . .
)∣∣∣
Q=0
; (36)
∆B4
( β
α20
)
=
C2
pi
d
d ln Λ
(
−
1
2
(∆A1Gc)
2 +∆A6Gc + . . .
)∣∣∣
Q=0
; (37)
∆B5
( β
α20
)
=
C2
pi
d
d ln Λ
(
∆A10Gc + . . .
)∣∣∣
Q=0
; (38)
∆B6
( β
α20
)
=
C2
pi
d
d ln Λ
(
∆A12Gc + . . .
)∣∣∣
Q=0
; (39)
∆B7
( β
α20
)
=
C2
pi
d
d ln Λ
(
∆A4Gc +∆A5Gc + . . .
)∣∣∣
Q=0
; (40)
∆B8
( β
α20
)
=
C2
pi
d
d ln Λ
(
∆A3Gc + . . .
)∣∣∣
Q=0
; (41)
∆B9
( β
α20
)
+∆B10
( β
α20
)
=
C2
pi
d
d ln Λ
(
∆A14Gc +∆A15Gc + . . .
)
−
1
2pir
C(R)i
j d
d ln Λ
(
(∆M1Gφ)j
i + (∆M2Gφ)j
i + (∆M3Gφ)j
i + (∆M4Gφ)j
i
)∣∣∣
Q=0
; (42)
∆B11
( β
α20
)
=
C2
pi
d
d ln Λ
(
− (∆A1Gc) (∆A2Gc) + ∆A11Gc + . . .
)∣∣∣
Q=0
; (43)
∆B12
( β
α20
)
=
C2
pi
d
d ln Λ
(
−
1
2
(∆A2Gc)
2 + . . .
)∣∣∣
Q=0
; (44)
∆B13
( β
α20
)
=
C2
pi
d
d ln Λ
(
∆A13Gc + . . .
)∣∣∣
Q=0
. (45)
Here the condition Q = 0 indicates the limit of the vanishing external (Euclidean) momentum,
∆Bn(β/α
2
0) denotes a contribution to the β-function generated by the graph Bn, and ∆AnGc
and (∆MnGφ)j
i are the contributions to the functions Gc and (Gφ)j
i coming from the diagrams
An and Mn, respectively. The dots denote terms coming from the cuts of internal gauge lines.
It is important that Eqs. (34) — (45) are valid at the level of loop integrals. This confirms the
qualitative picture which explains appearance of Eq. (3) in the perturbation theory suggested
in [2].
Summing up the results for all considered supergraphs we obtain the relation
∆
( β
α20
)
=
C2
pi
d
d ln Λ
∆ lnGc
∣∣∣
Q=0
−
1
2pir
C(R)i
j d
d ln Λ
(∆ lnGφ)j
i
∣∣∣
Q=0
+ . . .
=
C2
pi
∆γc −
1
2pir
C(R)i
j(∆γφ)j
i + . . . (46)
In this equation dots denote the omitted terms which appear when internal gauge lines are cut
by total derivatives. As we discussed earlier, they cannot be separately compared with γV . The
two-loop anomalous dimension of the Faddeev–Popov ghosts ∆γc is given by the superdiagrams
presented in Fig. 3. In the form of loop integrals their sum is written as
∆γc =
d
d ln Λ
{
4piC2
∫
d4K
(2pi)4
α0
K4RK
[
(ξ0 − 1)
(1
3
−
5
2
y0C2
)
+
8piα0
3RK
(
C2f(K/Λ) + T (R)h(K/Λ)
)]
+4pi2C22α
2
0
∫
d4K
(2pi)4
d4L
(2pi)4
1
RKRL
[
(ξ0 − 1)(5ξ0 + 8)
9K4L4
−
4(ξ20 − 1)
3K4L2(K + L)2
]}∣∣∣∣∣
α,ξ,y=const
, (47)
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where the expressions for the functions f(K/Λ) and h(K/Λ) can be found in Appendix B. The
expression (47) has been calculated in Ref. [58] for the regulator R(x) = 1 + xn, where n ≥ 1 is
a positive integer,
∆γc =
α0C2(ξ0 − 1)
6pi
−
5α0y0C
2
2 (ξ0 − 1)
4pi
−
α20C
2
2
24pi2
(ξ20 − 1)−
α20C
2
2
4pi2
( ln aϕ + 1)
+
α20C2T (R)
12pi2
( ln a+ 1), (48)
where a and aϕ are the regularization parameters defined by Eq. (15). It is important that this
expression contains the parameter y0 which appears due to the nonlinear renormalization of the
quantum gauge superfield V . In Eq. (48) the dependence on this parameter has been calculated
only in the lowest one-loop approximation. Without it the renormalization group equations are
not satisfied. However, in the two-loop approximation the parameters describing the nonlinear
renormalization have not been taken into account. That is why the complete two-loop result for
γc can be written only in the gauge y0 = 0, which corresponds to F(V ) = V ,
∆γc
∣∣∣
y0=0
=
α0C2(ξ0 − 1)
6pi
−
α20C
2
2
24pi2
(ξ20 − 1)−
α20C
2
2
4pi2
( ln aϕ + 1) +
α20C2T (R)
12pi2
( ln a+ 1). (49)
The expression (∆γφ)j
i in Eq. (46) is a part of the matter superfield anomalous dimension
corresponding to the sum of the superdiagrams M1 — M4 presented in Fig. 4,
(∆γφ)j
i =
d
d ln Λ
(
(∆M1Gφ)j
i + (∆M2Gφ)j
i + (∆M3Gφ)j
i + (∆M4Gφ)j
i
)∣∣∣
Q=0
= C2C(R)j
i d
d ln Λ
∫
d4K
(2pi)4
d4L
(2pi)4
e40
R2K
(
−
1
(K + L)2L2K4
+
2
3L2K6
)
. (50)
We see that this expression is not well-defined. However, it is quite expected, because the well-
defined results are obtained only after summations of all supergraphs. In particular, to find the
well-defined expression for (γφ)j
i, one should take into consideration all relevant superdiagrams
which are obtained by cutting supergraphs with the matter loop(s).
Eq. (46) is the main result of this paper. It demonstrates that the NSVZ relation in the
form (3) is really valid for the supergraphs containing the ghost loop(s) in the considered order
of the perturbation theory. Although the total three-loop calculation has not yet been done,
the result obtained here allows to verify the term containing the anomalous dimension γc in the
approximation where the scheme-dependence becomes essential. (For RGFs defined in terms
of the bare couplings, which are considered in this paper, this means the dependence on a
regularization.)
Conclusion
In this paper we have verified the NSVZ relation in the form (3) by comparing the three-loop
contribution to the β-function coming from the superdiagrams containing loops of the Faddeev–
Popov ghosts with the two-loop contribution to the anomalous dimension of these ghosts. The
check is made in the case of using the higher covariant derivative regularization for RGFs defined
in terms of the bare couplings. It is very nontrivial, because in this approximation the scheme
dependence becomes essential. Moreover, in this calculation the nonlinear renormalizaton of the
quantum gauge superfield is also very important.
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The verification is based on the possibility of matching the superdiagrams contributing to
the β-function and the superdiagrams contributing to the anomalous dimensions of the quantum
superfields. The former ones are obtained from a certain vacuum supergraph by attaching two
external lines of the background gauge superfield in all possible ways, while the latter ones are
generated by all possible cuts of internal lines in the considered vacuum supergraph. In the case
of using the higher covariant derivative regularization one can not only match various groups of
superdiagrams, but also relate them by equations analogous to (3). This can be done, because
in this case the integrals giving the β-function are integrals of double total derivatives in any
order of the perturbation theory [55]. It is these double total derivatives that cut internal lines
with the help of the identity (30). Thus, it is possible to identify what lines should be cut for
obtaining various terms in the right hand side of Eq. (3).
In this paper we consider all two- and three-loop vacuum supergraphs containing ghost loops
and compare the parts of the β-function corresponding to them with the relevant contributions
to the anomalous dimensions γc and (γφ)i
j.5 The contributions to the β-function were obtained
using a special method proposed in Ref. [55], which allows to essentially simplify the calculations.
This method requires calculating only (specially modified) vacuum supergraphs and produces the
result in the form of an integral of double total derivatives. Then we find singular contributions
which originate from cutting of the internal ghost and matter lines and compare their sums with
the corresponding parts of γc and (γφ)i
j . This comparison reveals that Eq. (3) is really valid for
the considered terms at the level of loop integrals. Thus, the correctness of the general results
discussed in Refs. [2] and [55] is confirmed by a highly nontrivial calculation.
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Appendix
A Results for the supergraphs
In this appendix we collect the expressions for contributions of the supergraphs presented in
Fig. 1 to the function β/α20. All of them are constructed according to the algorithm described
in Sect. 3. Bold letters denote the inverse squared momenta coming from the ghost and matter
propagators. (The cuts of these propagators produce contributions to γc and (γφ)i
j .)
∆B1
( β
α20
)
= piC22
d
d ln Λ
∫
d4Q
(2pi)4
d4K
(2pi)4
( ∂2
∂Q2µ
+
∂2
∂K2µ
−
∂2
∂Qµ∂Kµ
)e20 (ξ0 − 1)
K4RK
×
{
K2
(K +Q)2Q2
−
1
Q2
−
1
(K +Q)2
}
; (51)
5The contributions to γV can be compared only if the sum of the corresponding superdiagrams with two external
lines of the quantum gauge superfield is transversal. This can be achieved only by taking into consideration the
purely gauge supergraphs which are not investigated in this paper.
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∆B2
( β
α20
)
=
4pi
3
C22
d
d ln Λ
∫
d4Q
(2pi)4
d4K
(2pi)4
( ∂2
∂Q2µ
+
∂2
∂K2µ
)e20 (ξ0 − 1)
K4RKQ2
(
1−
15
2
y0C2
)
; (52)
∆B3
( β
α20
)
=
pi
2
C32
d
d ln Λ
∫
d4Q
(2pi)4
d4K
(2pi)4
d4L
(2pi)4
( ∂2
∂Q2µ
+
∂2
∂K2µ
+
∂2
∂L2µ
−
∂2
∂Qµ∂Kµ
−
2
3
∂2
∂Qµ∂Lµ
−
1
3
∂2
∂Kµ∂Lµ
) e40(ξ0 − 1)
RKRLK2L2
{
−
ξ0 + 1
Q2(K +Q+L)2(K +Q)2
+
ξ0 − 1
K2L2
( 1
Q2
+
1
(Q+K)2
+
1
(Q+K +L)2
+
(Q+K)2
Q2(Q+K + L)2
)
+
1
L2Q2
( 1
(Q+K + L)2
+
1
(Q+K)2
)
+
1
K2(Q+K +L)2
( 1
Q2
+
1
(Q+K)2
)}
; (53)
∆B4
( β
α20
)
= −
pi
2
C32
d
d ln Λ
∫
d4Q
(2pi)4
d4K
(2pi)4
d4L
(2pi)4
( ∂2
∂Q2µ
+
∂2
∂K2µ
+
∂2
∂L2µ
−
∂2
∂Qµ∂Lµ
−
∂2
∂Qµ∂Kµ
+
1
2
∂2
∂Kµ∂Lµ
) e40(ξ0 − 1)2
RKRLK2L2
{
1
Q2(Q+K)2(Q+L)2
−
1
K2(Q+ L)2
( 1
Q2
+
1
(Q+K)2
)
−
1
L2(Q+K)2
( 1
Q2
+
1
(Q+L)2
)
+
1
K2L2
( 1
(K +Q)2
+
1
(Q+L)2
+
Q2
(K +Q)2(Q+L)2
+
1
Q2
)}
; (54)
∆B5
( β
α20
)
=
pi
8
C32
d
d ln Λ
∫
d4Q
(2pi)4
d4K
(2pi)4
d4L
(2pi)4
( ∂2
∂Q2µ
+
∂2
∂K2µ
+
∂2
∂L2µ
−
∂2
∂Qµ∂Kµ
−
∂2
∂Qµ∂Lµ
)
×
e40(ξ0 − 1)
RKRLK2L2
{
−
1
K2
( 1
Q2(Q+ L)2
+
1
(Q+K)2(Q+K +L)2
)
−
1
L2
( 1
Q2(Q+K)2
+
1
(Q+ L)2(Q+K + L)2
)
−
ξ0(K
2 + L2)
K2L2
( 1
Q2(Q+K +L)2
+
1
(Q+K)2(Q+L)2
)
+
(ξ0 + 1)(2Q +K + L)
2 + ξ0(L
2 +K2)
Q2(Q+K)2(Q+L)2(K +Q+ L)2
−
(ξ0 − 1)
K2L2
( 1
Q2
+
1
(Q+K)2
+
1
(Q+L)2
+
1
(Q+K +L)2
)}
; (55)
∆B6
( β
α20
)
= −
pi
6
C32
d
d ln Λ
∫
d4Q
(2pi)4
d4K
(2pi)4
d4L
(2pi)4
( ∂2
∂Q2µ
+
∂2
∂K2µ
+
∂2
∂L2µ
−
∂2
∂Qµ∂Kµ
−
2
3
∂2
∂Qµ∂Lµ
−
1
3
∂2
∂Kµ∂Lµ
) e40(ξ0 − 1)
RKRLK4L4
{
2K2 + 2L2
Q2(Q+K + L)2
+
1
2
(ξ0 − 1)
( 1
Q2
+
1
(Q+K + L)2
+
(K + L)2 +K2 + L2 + (Q+K)2 + (Q+ L)2
Q2(Q+K + L)2
)}
; (56)
∆B7
( β
α20
)
= 0; (57)
∆B8
( β
α20
)
=
pi
2
C32
d
d ln Λ
∫
d4Q
(2pi)4
d4K
(2pi)4
d4L
(2pi)4
( ∂2
∂Q2µ
+
∂2
∂K2µ
+
∂2
∂L2µ
+
∂2
∂Qµ∂Kµ
−
∂2
∂Qµ∂Lµ
14
−
∂2
∂Kµ∂Lµ
) e40
RKK2RLL2(K + L)2
{
(ξ20 − 1)
(
−
2
Q2(Q+L)2
+
(K + L)2
Q2(Q−K)2(Q+L)2
)
+
2(ξ0 − 1)
K2
( (Q−K)2 + L2 − (K + L)2
Q2(Q+ L)2
−
1
Q2
)
+
(ξ0 − 1)
2(K + L)2
K2L2
( Q2
(Q+L)2(Q−K)2
−
1
Q2
)
+
2(RL −RK)
(L2 −K2)RK+L
[
L2
Q2(Q+L)2
(
1−
K2
(Q−K)2
)
−
Q2 + (K + L)2 − 2L2
(Q−K)2(Q+ L)2
+
1
Q2
−
(ξ0 − 1)(L
2 −K2)K2
(K + L)2Q2(Q−K)2
]}
; (58)
∆B9
( β
α20
)
= 2piC2
d
d ln Λ
∫
d4Q
(2pi4)
d4K
(2pi4)
d4L
(2pi4)
[
C22
( ∂2
∂K2µ
+
∂2
∂Q2µ
+
∂2
∂L2µ
+
1
2
∂2
∂Qµ∂Lµ
−
∂2
∂Qµ∂Kµ
−
∂2
∂Lµ∂Kµ
) e40
R2KK
4
{
K2
(K +Q)2Q2
−
1
Q2
−
1
(K +Q)2
}(
f(K,L) + g(ξ0,K,L)
−
(ξ20 − 1)
8L2(K + L)2
+
(ξ20 − 1)
8K2(K + L)2
−
(ξ20 − 1)
24K2L2
)
+
{
C2T (R)
( ∂2
∂K2µ
+
∂2
∂Q2µ
+
1
2
∂2
∂Qµ∂Lµ
−
∂2
∂Qµ∂Kµ
−
∂2
∂Lµ∂Kµ
)
+
1
r
tr
[
C(R)2
] ∂2
∂L2µ
}
e40
R2KK
4
{
K2
(K +Q)2Q2
−
1
Q2
−
1
(K +Q)2
}
× h(K,L)
]
; (59)
∆B10
( β
α20
)
=
8pi
3
C2
d
d ln Λ
∫
d4Q
(2pi4)
d4K
(2pi4)
d4L
(2pi4)
[
C22
( ∂2
∂K2µ
+
∂2
∂Q2µ
+
∂2
∂L2µ
+
1
2
∂2
∂Qµ∂Lµ
−
∂2
∂Qµ∂Kµ
−
∂2
∂Lµ∂Kµ
) e40
R2KK
4Q2
(
f(K,L) + g(ξ0,K,L) −
(ξ20 − 1)
8L2(K + L)2
+
(ξ20 − 1)
8K2(K + L)2
−
(ξ20 − 1)
24K2L2
)
+
{
C2T (R)
( ∂2
∂K2µ
+
∂2
∂Q2µ
+
1
2
∂2
∂Qµ∂Lµ
−
∂2
∂Qµ∂Kµ
−
∂2
∂Lµ∂Kµ
)
+
1
r
tr
[
C(R)2
] ∂2
∂L2µ
}
e40
R2KK
4Q2
h(K,L)
]
; (60)
∆B11
( β
α20
)
= −
2pi
3
C32
d
d ln Λ
∫
d4Q
(2pi)4
d4K
(2pi)4
d4L
(2pi)4
{
∂2
∂Q2µ
+
∂2
∂K2µ
+
∂2
∂L2µ
−
∂2
∂Qµ∂Kµ
}
×
e40(ξ0 − 1)
2
RKRLK4L4
{
K2
Q2(K +Q)2
−
1
Q2
−
1
(K +Q)2
}
; (61)
∆B12
( β
α20
)
= −
2pi
9
C32
d
d ln Λ
∫
d4Q
(2pi)4
d4K
(2pi)4
d4L
(2pi)4
(
∂2
∂Q2µ
+ 2
∂2
∂K2µ
)
e40(ξ0 − 1)
2
RKRLK4L4Q2
; (62)
∆B13
( β
α20
)
= −
2pi
9
C32
d
d ln Λ
∫
d4Q
(2pi)4
d4K
(2pi)4
d4L
(2pi)4
(
∂2
∂Q2µ
+ 2
∂2
∂K2µ
)
e40(ξ0 − 1)
2
RKRLK4L4Q2
. (63)
The explicit form of the functions f(K,L), g(ξ0,K,L), and h(K,L) (which are present in Eqs.
(59) and (60)) can be found in Appendix B.
To obtain Eqs. (59) and (60), we first calculate the effective diagrams B9 and B10 and, after
this, subtract from the result the expressions for the corresponding supergraphs with two ghost
loops. (One of them includes a propagator with the momentum Qµ, and the other includes
a propagator with the momentum Lµ). The subtracted expressions correspond to the terms
proportional to ξ20 − 1 in the round brackets. This allows to avoid the double summation and
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take into account the factor 1/2 needed for these supergraphs. However, in resulting expressions
it is very difficult to separate the momenta corresponding to gauge and ghost internal lines. That
is why in Eqs. (59) and (60) we do not use bold letters. Nevertheless, it is possible to rewrite the
sum of these expressions in a different form. For this purpose we first note that no propagators in
the considered supergraphs contain Qµ and Lµ together. Therefore, the derivative ∂2/∂Qµ∂L
µ
does not contribute to the result. Also it is easy to see that due to the identities
∫
d4Q
(2pi)4
∂2
∂K2µ
( K2
Q2(Q+K)2
−
1
Q2
−
1
(Q+K)2
)
= 0;
∫
d4Q
(2pi)4
∂2
∂K2µ
1
Q2
= 0 (64)
the derivative ∂2/∂K2µ produces only the cuts of internal gauge lines and, therefore, is also
not essential for this calculation. Next, we note that in the sum of the supergraphs with two
ghost loops the ghost momenta Qµ and Lµ enter symmetrically. This implies that omitting
the terms containing the derivatives with respect to Lµ we effectively divide the result by 2.
(Consequently, in this case the superdiagrams with two ghost loops should not be subtracted.)
In the supergraphs with a single ghost loop and no matter loops we denote the momentum of
the ghost loop by Qµ, so that the derivatives ∂/∂Lµ will cut only internal gauge lines and can
also be omitted. Taking into account that the supergraphs with a matter loop correspond to
the terms containing the function h(K,L), the contribution of B9 and B10 to the function β/α20
can be equivalently rewritten in the form
∆B9
( β
α20
)
+∆B10
( β
α20
)
= 2piC2
d
d ln Λ
∫
d4Q
(2pi)4
d4K
(2pi)4
d4L
(2pi)4
[
C22
( ∂2
∂Q2µ
−
∂2
∂Qµ∂Kµ
) e40
R2KK
4
×
{
K2
(K +Q)2Q2
+
1
3Q2
−
1
(Q+K)2
}(
f(K,L) + g(ξ0,K,L)
)
+
{
C2T (R)
( ∂2
∂K2µ
+
∂2
∂Q2µ
−
∂2
∂Qµ∂Kµ
−
∂2
∂Lµ∂Kµ
)
+
1
r
tr
[
C(R)2
] ∂2
∂L2µ
}
e40
R2KK
4
{
K2
(K +Q)2Q2
+
1
3Q2
−
1
(Q+K)2
}
× h(K,L)
]
+ terms giving the cuts of internal gauge lines only. (65)
Here the gauge and ghost internal momenta are separated. This allows to denote the inverse
squared ghost and matter momenta by the bold letters as in the expressions for the other
supergraphs.
The expressions for ∆Bn(β/α
2
0) should be compared with the corresponding contributions to
the ghost and matter anomalous dimensions, see Eqs. (34) — (45). For completeness, here we
also present the contributions to Gc calculated in Ref. [58]. Some of them vanish,
∆A1Gc
∣∣∣
Q=0
= 0; ∆A3Gc
∣∣∣
Q=0
= 0; ∆A4Gc
∣∣∣
Q=0
= 0; ∆A5Gc
∣∣∣
Q=0
= 0;
∆A6Gc
∣∣∣
Q=0
= 0; ∆A7Gc
∣∣∣
Q=0
= 0; ∆A9Gc
∣∣∣
Q=0
= 0; ∆A10Gc
∣∣∣
Q=0
= 0;
∆A11Gc
∣∣∣
Q=0
= 0; ∆A14Gc
∣∣∣
Q=0
= 0. (66)
The nontrivial contributions are
∆A2Gc
∣∣∣
Q=0
= e20C2(ξ0 − 1)
(1
3
−
5
2
y0C2
)∫ d4K
(2pi)4
1
K4RK
; (67)
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∆A8Gc
∣∣∣
Q=0
=
e40C
2
2
4
ξ0(ξ0 − 1)
∫
d4K
(2pi)4
d4L
(2pi)4
1
K4RKL4RL
; (68)
∆A12Gc
∣∣∣
Q=0
= −
e40C
2
2
6
(ξ0 − 1)
∫
d4K
(2pi)4
d4L
(2pi)4
1
RKRL
(
ξ0 + 1
K2L4(K + L)2
+
ξ0 − 1
2K4L4
)
; (69)
∆A13Gc
∣∣∣
Q=0
= −
e40C
2
2
18
(ξ0 − 1)
2
∫
d4K
(2pi)4
d4L
(2pi)4
1
K4RKL4RL
; (70)
∆A15Gc
∣∣∣
Q=0
=
2e40C2
3
∫
d4K
(2pi)4
1
K4R2K
(
C2f(K/Λ) + C2g(ξ0,K/Λ) + T (R)h(K/Λ)
)
. (71)
The contribution of the superdiagrams M1 — M4 to the function (γφ)i
j is given by Eq. (50).
B Explicit expressions for the functions h, g, and f .
Here we present the explicit expressions for the functions h, g, and f entering Eqs. (59) and
(60),
h(K,L) ≡
1
2L2(L+K)2
+
1
((K + L)2 − L2)
(
−
M2F ′K+L
Λ2FK+L((K + L)2F 2K+L +M
2)
+
M2F ′L
Λ2FL(L2F 2L +M
2)
+
F 2K+L
2((K + L)2F 2K+L +M
2)
−
F 2L
2(L2F 2L +M
2)
)
; (72)
g(ξ0,K,L) ≡
(ξ0 − 1)
2L4RL
(
RK+L −
2
3
RK
)
−
(ξ0 − 1)
2L2RL(K + L)4RK+L
×(KµRK + LµRL)
2 −
(ξ0 − 1)
2K2R2K
4L4RL(K + L)4RK+L
Lµ(K + L)µ; (73)
f(K,L) ≡ −
3
2
(
1
L2(L+K)2
−
1
(L2 +M2ϕ)((L+K)
2 +M2ϕ)
)
+
RL −RK
RLL2
×
(
1
(L+K)2
−
1
L2 −K2
)
+
2
RL((L+K)2 − L2)
(
RL+K −RL
(L+K)2 − L2
−
R′L
Λ2
)
−
1
RLRL+K
(
RL+K −RL
(L+K)2 − L2
)2
−
2RKK
2
L2(L+K)2RLRL+K
(
RL+K −RK
(L+K)2 −K2
)
−
LµK
µRK
L2RL(L+K)2RL+K
(
RL+K −RL
(L+K)2 − L2
)
+
2LµK
µ
L2RLRL+K
(
RL+K −RK
(L+K)2 −K2
)
×
(
RL+K −RL
(L+K)2 − L2
)
−
2K2
(L+K)2RLRL+K
(
RL −RK
L2 −K2
)2
−
K2Lµ(L+K)
µ
L2(L+K)2RLRL+K
×
(
RL −RK
L2 −K2
)(
RL+K −RK
(L+K)2 −K2
)
+
2K2
((L+K)2 −K2)L2RL
(
RL+K −RK
(L+K)2 −K2
−
R′K
Λ2
)
−
2LµK
µ
L2RL
(
RL
(L2 − (L+K)2) (L2 −K2)
+
RL+K
((L+K)2 − L2) ((L+K)2 −K2)
+
RK
(K2 − L2) (K2 − (L+K)2)
)
−
1
2((L+K)2 − L2)
(
2RL+KR
′
L+K(L+K)
2
Λ2((L+K)2R2L+K +M
2
ϕ)
−
2RLR
′
LL
2
Λ2(L2R2L +M
2
ϕ)
−
1
(L+K)2 +M2ϕ
+
1
L2 +M2ϕ
+
R2L+K
(L+K)2R2L+K +M
2
ϕ
−
R2L
L2R2L +M
2
ϕ
)
, (74)
17
where
R′L ≡
∂R(L2/Λ2)
∂(L2/Λ2)
; F ′L ≡
∂F (L2/Λ2)
∂(L2/Λ2)
. (75)
They are related to the corresponding functions introduced in Ref. [70] by the equations
h(K/Λ) =
∫
d4L
(2pi)4
h(K,L); f(K/Λ) =
∫
d4L
(2pi)4
f(K,L);
g(ξ0,K/Λ) =
∫
d4L
(2pi)4
g(ξ0,K,L); . (76)
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